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NON-OSCILLATORY LINEAR DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER. 


BY PROFESSOR MAXIME BOCHER. 
(Read before the American Mathematical Society February 23, 1901.) 


WE shall be concerned with the differential equation 


dy dy 
(1) 


and for the sake of simplicity we will assume that the co- 
efficients p and q are, throughout the finite interval a = z=b, 
continuous real functions of the real variable z. We shall 
find it convenient to lay down the following definition : 

The equation (1) is said to be oscillatory or non-oseillatory in 
the interval a=x=b according as it does or does not have at 
least one solution (not identically zero) which vanishes more than 
once in this interval. 

It is my object in the present paper to deduce certain con- 
ditions (chiefly sufficient conditions) that the equation (1) 
should be non-oscillatory. Such conditions have been ob- 
tained by Picard (Traité d’analyse, volume III, pp. 101- 
104); but the method which I use is not only entirely dif- 
ferent and, as it seems to me, less artificial than that of 
Picard. but yields, besides all of Picard’s results,others which 
Picard’s method does not give. 

My starting point is the special case p = 0: 


d’ 
(2) a + qy = 9. 

Equation (2) is non-oseillatory in the interval a=x=b if 
throughout this interval q= 0. 

For if (2) has a solution y which vanishes more than once 
in the interval in question, let z, and x, be two successive 
roots of y. We may, without loss of generality, assume 
y>0 when z, << « < 2,, as, if this were not the case, we 
could replace y by y,=—y. We have then y(z,)>0, 
y'(x,) <0; but by the law of the mean 


—y¥(%) G<F <4). 
Accordingly y” (=) <0. This, however, is impossible, since 
by equation (2) = — 
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By reducing (1) to the binomial form (2), we shall get a 
theorem concerning (1) similar to the one just proved for 
(2). This reduction is most commonly performed by means 
of a change of dependent variable y.* It can, however, 
equally well be performed by changing the independent va- 
riable xz, or, more generally, by changing both independent 
and dependent variable. We will consider at once this gen- 
eral transformation 


(3) t=f(z), y=9(*)}. 


We assume here that f and ¢ have continuous first and 
second derivatives throughout the intervalas2=b. Fur- 
thermore, since we do not wish the solutions of the trans- 
formed equation to become infinite, we assume that ¢ does 
not vanish, say for distinctness 


¢(z)>0 (a=zBb). 


Finally, since we wish the interval a=z=6 to correspond 
in a one to one manner to an interval on the t-axis, we as- 
sume that f’ does not vanish in the interval a=7=6. 

A peculiarity of this transformation which makes it avail- 
able for our purposes may be stated as follows: 

The oscillatory or non-oscillatory character of equation (1) is in- 
variant with regard to transformations (3). 

The transformation (3) carries (1) over into 


¢-(f’)’ 
accents denoting differentiation with regard to z. 

Choosing ¢ at pleasure, subject to the restrictions above 


mentioned, let us determine f so that the second term of (4) 
drops out, 


(5) f= dx + k' (k +0), 


where ¢ is any point of the interval a=r=b. 

It is important to notice that all the conditions which f 
was to fulfill are satisfied by this function. 

pean (4) now reduces to 

*See, e. g., Forsyth’s Treatise on ieee equations, p. 88. Inote in 
passing that this reduction is possible only if the coefficient p has a con- 
tinuous first derivative, a restriction which need not be imposed if we re- 
duce to the binomial form by a change of independent variable. 
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(8) + + pe! + qe)y = 0. 

When we apply to this equation the theorem proved 
concerning equation (2), we see that equation (6), and ac- 
cordingly also equation (1), will be non-oscillatory provided 
+ That is 

If a function ¢ exists which, together with its first and second 
derivatives, is continuous throughout the interval a=x=b, and 
which satisfies the two conditions 


(7) >0 (a=25b), 
(8) ¢” + py’ + =0 (a=z5b), 


then (1) is non-oseillatory in this interval.* 

By assuming for ¢ special functions we can obtain useful 
and easily applied criteria for proving that special equa- 
tions of the form (1) are non-oscillatory. We add a few 
such criteria, noting to the left the function ¢ used, and to 
the right the special conditions, if any, which must be sat- 
isfied if the formula is to be applied. In these formule 
m and « denote constants to which we may assign any real 
values we please. 


(4) ¢=1, q=0 
(6) g=e™, q=— mp — m’. 
—m(m +1 
<8) 
(d) g=m—zZ, (6<™m). 


4 
Adz 

* By letting ¢ =e we obtain the following theorem : 

If a function 7. exists which, together with its first derivative, is continuous 
throughout the interval a =x =b, and which satisfies the condition 
(8’) Ap (aSz5b), 
then (1) is non-oscillating in this interval. 

Conversely, the theorem of the text follows from this one ; so that the 
two theorems are precisely equivalent to each other. 

Picard (1. c., p. 102) deduces by another method a theorem identical 
with the one just stated, except that the inequality (8’) is replaced by 
—(4—p/2)?. 

This inequality is always satisfied when (8’) is satisfied, but the con- 


verse is not true. It is only when p—0O that Picard’s result is as gen- 
eral as ours. 
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2(1 


(f) ¢g=sin m(x#—2), g=m — mp ctnm(2 — a) 
(«<a<b<a4+-) (m>0). 
m 


¢ q =m(1—m)p’ + mp’ (provided p 


has a continuous derivative). 

Formule of this sort might of course be multiplied in- 

definitely. To show how they are to be applied let us con- 
sider the simplest case of Bessel’s equation 


” 1 J 
(9) 


Since p is here discontinuous at the point s = 0, we can 
consider only intervals which do not include, or even reach 
up to this point. Since the equation is unchanged by re- 
placing « by — 2, it will be sufficient to consider intervals in 
which z is positive. 

Formule (a), (¢), (g) yield us no information whatever 
with regard to this equation. Formula (6) is most service- 
able here if we let m= —1. It then shows us that (9) is 
non-oscillatory in the interval a=xz=4, where a is any 
small positive quantity. If we let m= 2 in formule (d) 
and (e), they each show us that (9) is non-oscillatory in the 
interval a=x=b, when 0<a<b<2. This is the best 
result these two formulz can be made to yield if we wish 
to consider an interval starting from a point arbitrarily 
near the pointr=0. Of the seven formule written above, 
(f) gives the best result when applied to intervals of the 


sort just described, since when we let m= 4/W2,4 = — Tm? 
it shows us that (9) is non-oscillatory in the interval a =z 
= 6 when 


0<a<b<-Z == 2.22. 


This result, as we shall see in a moment, is nearly as good 
as any method could give us. 


* The special case m = 1 of this formula is noteworthy for the particu- 
larly simple result (q = p’) which it yields ; while the special case m = } 
gives us the result we should have obtained by reducing (1) to the bino- 
mial form by a change of dependent variable only. 
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If on the other hand we wished to consider, for this same 
equation (9), intervals lying at a great distance from the 
origin, none of the formule above yield good results, the 
best being again (f), which when m = 1 shows us that (9) 
is non-oscillatory in any interval of length =/2. A much 
better result may be obtained by letting 


x 


This function leads us to the inequality 


which just fails to be satisfied for large values of z when 
m=1. We thus see that if / is any positive constant less 
than =z, a positive constant J/ exists such that, in every inter- 
val of length / throughout which z > M, the equation (9) is 
non-oscillatory. That the function we have just used 
should give us an interval which is nearly twice as long as 
that given by formula (f ) is the more remarkable because 
when z is large these two functions ¢ are, throughout an 
interval of length =, very nearly proportional to each 
other. If they were exactly proportional they would ob- 
viously lead to the same result. 

We now leave these illustrative applications to equation 
(9). 
Although we originally deduced condition (8) and its 
special cases as an extension, to the general equation (1), of 
the condition g=0 which we had established for the bino- 
mial equation (2), it turns out that some of these conditions 
give results for equation (2) which go beyond the result 
from which we started. Thus if we apply (f) to the special 
case p = 0 we get the important theorem 

If throughout an interval of length less than l 


2 


q = 
the equation (2) is non-oseillatory in this interval.* 


Up to this point we have obtained merely sufficient con- 
ditions that a differential equation should be non-oscillatory. 


* Cf. the proof here given of this familiar theorem of Sturm with that 
given by Picard (1. c.). 


1=m — 
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A condition which turns out to be also necessary is obtained 
by taking as the function ¢ a solution of (1): 

A necessary and sufficient condition that (1) should be non-oscil- 
latory in the interval a=x=b is that it should have a solution 
which does not vanish in this interval. 

That this is a sufficient condition* is seen at once from 
the fact that either this solution or its negative satisfies con- 
ditions (7) and (8). To prove that it is also a necessary 
condition, assume that the interval a= z= bd is non-oscilla- 
tory, and consider the two solutions y, and y, of (1) which 
satisfy the conditions 


y,(a4)=0, y/(4)>90; ¥,(6)=0, <9. 


Since neither of these solutions can vanish again in the in- 
terval, and since they are positive in the neighborhood of a 
and 6 respectively, they must be positive throughout the re- 
mainder of the interval. Accordingly y, + y, is a solution 
of (1) which is positive throughout the whole interval. 

From the theorem just proved follows immediately this 
result : 

A necessary and sufficient condition that the equation (1) is non- 
oscillatory in the interval a=x=b is that the solution of (1) 
which vanishes at a (or, if we prefer, at b), but is not identically 
zero, does not vanish again in the interval. 

This theorem gives us what is theoretically a perfect test; 
we have merely actually to compute the solution of (1) 
which vanishes at a, in the form of a series say, and to see 
whether or not this solution vanishes again in the interval. 
The difficulties involved in the computation may of course 
be so great in any special case as to make this method prac- 
tically useless. 

This last theorem if applied to (9) shows us that this 
equation is non-oscillatory in the interval a =z =b, wherea 
is any small positive quantity and 5 is the smallest positive 
root of the Bessel function J,(x), viz. b = 2.40--- . 

The condition (8) can also be stated in the following form 
which again gives us a necessary as well as a sufficient con- 
dition : 

* This also follows at once from the well known theorem of Sturm : 
Between two successive roots of a solution of (1) lies one and only one root of 
any linearly independent solution; and conversely this theorem follows 
from the theorem of the text. 

t This is actually the largest value that can be given to b, since every 
other solution of (9) has a root smaller than this. The proof of this fact 
is complicated by the presence of a singular point of (9) atx—0O. See, 
however, BULLETIN, March, 1897, p. 211. 
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Ff a is a real function of x which, throughout the interval 
a=z Sb, is continuous, and satisfies the condition r=0, then a 
necessary and sufficient condition that (1) be non-oseillatory in 
this interval is that the non-homogeneous equation 


(10) y=" 


have a solution y satisfying the relation 
y>O (a=z=b).* 


That this is really a necessary condition is seen from the 
fact that if (1) is non-oscillatory it has a solution positive 
throughout the interval, and by adding a sufficiently large 
positive multiple of this solution of (1) to an arbitrarily 
chosen solution of (10) we get the positive solution of (10) 
desired. 

Another very important form into which condition (8) 
can be thrown is the following : 

The function q, being continuous in the interval a =2=b and 
satisfying the condition 


the equation (1) will be non-oseillatory in this interval if the equa- 
tion 

(11) y" + py + ay = 0 

is non-oscillatory there. 

For if (11) is non-oscillatory it has a solution ¢ positive 
throughout the interval a=x=b. Substituting ¢ in the 
first member of (1) gives us, when we take account of the 
fact that ¢ satisfies (11), 


+ pe’ +99 = (4-4) ¢=9 (a=x=b). 


Thus ¢ satisfies conditions (7) and (8), and therefore (1) 
is non-oscillatory.+ 

In conclusion I will mention that condition (7) may be 
replaced by the somewhat less restrictive condition 


(7') 


* This theorem may also be proved directly and the other theorems of 
this paper deduced from it. 

+ This theorem may be proved directly by means of the methods used 
by Sturm ( Liouville’s Journal, vol. 1, p. 106) and is in fact a special case 
of one of Sturm’s theorems. From it may be deduced the other theorems 
of this paper. 


{ 
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i. e., the case in which the function ¢ vanishes at one or 
both ends of the interval need not be excluded. The inter- 
val on the ¢-axis would, however, then extend to infinity in 
one or both directions, and the fundamental theorem con- 
cerning equation (2) from which we started would on 
longer be sufficient, but would have to be replaced by a 
theorem which states that, if g=0, no solution of (2): which 
vanishes at a finite point can approach a finite limit as z 
becomes either positively or negatively infinite, and that no 
solution of (2) can approach finite limits both when z = 
+ o and when x= — o. 

The extension which our other theorems gain by the use 
of (7’) in place of (7) is easily seen. In using functions ¢ 
which vanish at one of the ends of the interval it is useful 
to know that if ¢’ also vanishes then ¢ cannot possibly sat- 
isfy (8),—a fact whose proof we also omit. 

GOTTINGEN, GERMANY, 

February 4, 1901. 


CONCERNING REAL AND COMPLEX CONTINU- 
OUS GROUPS. 


BY PROFESSOR L. E. DICKSON. 
(Read before the American Mathematical Society, February 23, 1901.) 


1. Tus paper aims to illustrate certain differences and 
certain analogies between related real and complex continu- 
ous groups. Lie’s theory has been developed chiefly for the 
latter groups, the modifications necessary for real groups 
being treated quite briefly. 

In $§ 2-4 are exhibited a real group in m variables and a 
real group in 2m variables, each of m’ parameters, such that 
the corresponding complex groups are of like structure. 
In §$5-8, it is shown for m = 2 that the two real groups 
have different structures. Of the three proofs given, the 
first two are analytic and involve little technical knowledge 
of group theory, while the third group is geometric and 
gives a better insight into the nature of the question. 

In § 10, it is illustrated for the case m = 2 how the gen- 
eral m-ary linear homogeneous complex continuous group 
gives rise to an isomorphic 2m-ary linear homogeneous real 
continuousgroup. Similarly, the complex projective groups 
lead to groups of birational quadratic transformations. 
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The investigation has direct contact with the author’s de- 
termination * of the structure of the largest group in the 
GF[p™] leaving invariant + + + &&, where is 
conjugate to =, with respect to the GF[p"]; "ae with the 
paper by Moore + on the universal invariant of finite groups 
of linear substitutions. 

2. Consider the group G,, of all substitutions 


S: 4,5 i=1,--,m), 


the coefficients and variables being complex numbers, such 
that S leaves formally invariant the Hermitian form 


The conditions upon the coefficients are seen to be 


(1) ayy = 1, (j,k=1,--,m;j +). 


It follows that the inverse of S has the form 


The group G,, is evidently continuous. To obtain the 
general infinitesimal transformation, set J? = — 1 and 


ay =1+ (a, + ot, 0, = (a, + Ib,) ot 


(i, j= %). 
Substituting these values in the relations (1) and retaining 
only the first power of 6t, we find that 
1+ 2a,0t=1, (a,+4,) + I(b,—},) = 
(j, k=1, --,m; 


The conditions upon the general infinitesimal transforma- 
tion 


(2) = (a, + at 


are therefore the following 
* Math. Annalen, vol. 52, pp. 561-581. 
t Math. Annalen, vol. 50, pp. 213-219. 


™ 
jm” m* 
s-': Sat i= 1,---,m) 
j= 
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(3) a,=—a 


be b, = b, (j, k= 1, ---, m). 


The general infinitesimal transformation of G,, is therefore 
@ linear combination with real constant coefficients of 


B,! = fi, 
(4) 
= FE, + Fi, Aj 25, 


Here B,' was obtained from (3) by setting 6, = 5, = land 
the remaining constants all zero; A,’ by setting a, = — a, 
= 1 and the remaining coefficients all zero. 

The number of linearly independent transformations (4) 
is evidently «*. If complex multipliers were allowed, we 
could derive from (4) the m’ transformations 


3:, (i,j =1,-, m), 


and therefore the general transformation of the m-ary lin- 
ear homogeneous continuous group. 

3. We obtain a continuous group R,,, on 2m real variables 
with real coefficients by replacing =, by X,+ JY, for 
i = 1, ---, mand separating reals and pure imaginaries. Re- 
lation (2) gives 


— X,— 1¥, = 3 1(a,X, 
+ I(a,Y,+ 6,X,)} ot. 
Hence the general infinitesimal transformation of R,,, is 
(5) 3 ¥, = + a,¥;) 
(t=1,--,m). 


Denote by B, the transformation obtained by setting 
b, = b,, = 1 and the remaining coefficients equal to zero; by 


A, that obtained by setting a, = — a, = 1 and the remaining 

coefficients equal to zero. Employing the usual abbrevia- 

tions p, we have 


B,, = Y B, = XA; Y, +.X,49, 
Since B, = B. 


«9 A, = — A,, there are exactly m’ independent 
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transformations, from which the general infinitesimal trans- 
formation of R,, may be derived as a linear expression 
with real coefficients. In view of the identity 


=> = > + 


the group R,, is an orthogonal group. Asa check it may 
be verified that the transformations B,, A, leave % abso- 
lutely invariant. 

4. The following commutator (Klammerausdruck) rela- 
tions are readily formed : 


=0, (B,B B,Ay=—By (B,B,)=Ay 


fori,j, k = 1, ---, m, withi,j, k distinct. If both subscripts of 
one symbol be different from the subscripts of the other, 
their commutator is zero. 

It is readily verified that the transformations B,/, A,’ of 
§2 satisfy the commutator relations (6). This property 
would be expected to follow from the connection between 
Gand R,,. We may conclude that the continuous group 
with complex coefficients which is generated by the trans- 
formations B,, A; is isomorphic with the continuous com- 
plex group generated by B,/, A,/. 

Denote by B,” the symbol obtained upon dropping the fac- 
tor I from the symbol B,’. In the domain of real numbers, 
the transformations B, AY generate the continuous group 
G,’ of all real linear “homogeneous transformations in m 
variables. The symbols B,”’, A,’ do not satisfy the commu- 
tator relations (6). It is shown in §§ 5-8 that there does 
not exist in the real group G,' (m= 2) a set of four inde- 
pendent infinitesimal transformations which satisfy the 
commutator relations (6), so that G,’ and R, are non- 
isomorphic real continuous groups of four parameters each. 

5. For m = 2, the relations (6) are the following : 


(B,,B,,) = 9, (B,,B,,) = A,,, (B,,A,,) B,,, 
(B,,B,,) = A,, (B,,4,,) B,,, (B,,4,.) 2B,, = 2B,,. 


The first derived group is therefore the three-parameter 
group generated by A,,, B,,, B,,— B,,. The only (ausge- 
zeichnete) transformation whose commutator with B,,, B, 


B,,, A,, is zero is seen to be B,, + B,,, aside from a constant 


a 
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factor. Hence, if &, be isomorphic with G,’, B,, + B,, must 
correspond with é, hk + §, m4 and the above three-parameter 


group with the first derived group of G,’. To normalize R,, 
set 


Z,=3(B,,— B,), Z=tA, 4+ 
The above commutator relations then give 
(7) (44)=4, (44)=%, 
(8) (Z,Z,)=9, (4,2Z)=90, (ZZ) =0. 
The first derived group of G,’ is generated by 


subject to the commutator relations 
(9) =—2V, (V,V,=—2V, (V,V,)=—V, 


To establish the non-isomorphism of FR, and G,’, it suffices 
to prove that their first derived groups are non-isomorphic 
when considered as real continuous groups. 

6. The most natural method of proof consists in showing 
that it is impossible to determine linear combinations of 
V,, V,, V, with real constant coefficients 


Z! =4,V,+6V,+6V, (im 2,9), 


of determinant J = Sa,b,c, + 0, which satisfy relations (7). 
We observe that 


(Z/Z,) =—2 V,(4,b,— b,a,) + V,(a,¢,— ¢,a,)—2 V,(6,c,— ¢,b,). 
The conditions that the right member shall equal Z,’ are 
(10) a,b, — ba, = — }4,, — = b,, b,c, — ¢,b, = — 


sy advancing the subscripts of a,, b,, ¢,, we obtain the con- 
ditions for the identities (7,'Z,) = Z/, (ZZ!) = Z! 


(11) a,b, — b,a,= — 4a,, a,¢, — c,a, = b,, b,c, — ¢,b, = — $e, 
(12) a,b, — b,a, = — $a,, a,c, — = b,, b,c, — ¢,b, = — 
In view of the relations (11) and (12), 
a,b 
24,4 
2 b, 


Applying the first relation (10), }a,=a,4. In a similar 
manner, or by advancing the subscripts (which does not 
alter 4), we find 


| 
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fa, =a,4, fa,=a,4. 


Since a,, a,, a, are not all zero, it follows that 4 = }. 
Multiplying equations (12) by ¢,,—b,, a, respectively 
and adding the resulting equations, we find 


(13) 
Employing the multipliers ¢,, — 6,, a,, we find 
(14) = — bb, — ha,c, — fa,¢,. 
In a similar manner, or by advancing the subscripts, 
(15) 
By (14) and the second equation of set (10), 
b, = (a,c, — ¢,a,)* = 4b,*b,’ — 4a,¢,4,¢,. 
Eliminating a,c, and a,c, by (15) and (13), and setting 4 =}, 
bY + = — 


But this equation is impossible for real values of the 6,. 

7. A second proof is derived from the following investi- 
gation which gives certain interesting properties of the 
group /' generated by Z,, Z,, Z,, subject to the relations (7). 
Set 

Z, = U, + 4, U, + a,U,, 


3 
Z, = B, U, + U; + U;, 4= A, 3, Bs | 0. 
4, = 7,U, + + 7s 


We obtain by solution the most general set of independent 
infinitesimal transformations U,, U,, U,, of the group lr. We 
seek the commutator relations of the U, Denote by </ the 
first minor (without prefixed sign) of @; in 4, 7/ the first 
minor of 4,, 7,’ the first minor of 7. Form (Z,Z,) and equate 
the result to Z,; expand similarly (Z,Z,) = Z,, (Z,Z,) = Z,. 
The results are 


Z, a,'( U,U,) a,’ ( U,U,) + a,’ ( U, U;); 
Z, U, U;) 8,’ ( U,U,) = U, U,), 


U, U;) U, U, ) U, U,). 


The determinant of the coefficients equals 4°, being equal 
to the determinant of the first minors of 4. Moreover, 
2 
= a,4, 


Ts 
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The solution of the above relations therefore gives 


A( U,U;) = 42Z,+ 8,2Z,+ 7,4 
4(U,U,) = 4,Z, + 5,Z,+ 7,4) 
4(U, U;) a,Z, + + 754, 

The matrix of the coefficients on the right is the trans- 
posed of the matrix of the coefficients of the U; in the ex- 
pressions for the Z, Eliminating the Z,, we have 

U, U, U; 
4( U,U,)= a,4,+8,3,+ +A, +7, 
The symmetry of the matrix of coefficients is in accord 
with a known property of the group.* 

In order that the transformations U; should satisfy the 
same commutator relations (9) as the transformations JV, it 
is necessary that (U,U;) = — 2U,, so that a,’ + £7 + 77 = 0. 
For real values of «,, 7,, this requires 4, = 7,=y7,=0, 
contrary to hypothesis. Hence the real group /' of the Z,; 
is not isomorphic with the real group of the V,. 

To obtain the most general set of three infinitesimal 
transformations U; of I’ which satisfy the same commutator 
relations (7) as the transformations Z, themselves, 

(U,U,) =U, (U,U,)=U, (U,U,) = U,, 
it is necessary and sufficient to take solutions a,, f,, 7; of 
J = a, + + 4 a,” + 4 a, + 

0 = 4,4, + + 
These are the conditions for an orthogonal substitution, 
the invariant relation being 
Z3+ + + U;). 

8. To give a third proof, based upon geometric consider- 
ations, it suffices to consider the adjoint groups of the three- 
parameter groups in question. The adjoint of the group of 
the V, is 

of of of of of of 


having as its only invariant curve the real conic 


*Lie-Scheffers, Vorlesungen iiber continuierliche Gruppen, p. 567. 


| 
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(16) t+ ¢, = 0. 
The adjoint group of the group of the Z, is 


Ge,’ “de, Be,’ 
having as its only invariant the imaginary conic 
(17) +e7 + =0. 


Now the replacement of one complete set of independent 
infinitesimal transformationsof a group by a second complete 
set merely gives rise to a linear homogeneous transformation 
upon the variables e; of the adjoint group. The latter will 
be a real transformation if the second set is expressed in 
terms of the first by real coefficients. Since the equations 
(16) and (17) can not be transformed into each other by a 
real ternary substitution, it follows that the transformations 
V; are not expressible as real linear functions of the Z,. 

The method of reduction of three-parameter non-integrable 
groups toa normal type given in Lie-Scheffers, Vorlesungen, 
pp. 566-568 is immediately applicable only to complex 
groups. For real groups there are two (and, indeed, only 
two*) distinct cases, according as the invariant conic 
(necessarily non-degenerate) is real or imaginary. The two 
methods there given as optional for complex groups are to 
be differentiated for real groups to correspond to the cases 
of real and imaginary conics, yielding respectively the nor- 
mal types (I) and (I’) of p. 568, or types (9) and (7) 
respectively of this paper. 

9. The real four-parameter groups G,' and R, have been 
proved to have different structures. Applying the imaginary 
transformation of variables 


X, = 2%, X, = Y,= ly, (?=-—1), 


the infinitesimal transformations B,,, B,,, B,,, A,, of R, be- 
come 
b,, = 2, 
1 2 
of 
Oy, + Ox, + Oy, Oz, 


*An irreducible ternary quadratic form with real coefficients is re- 
ducible either to b(e,? + e,? + e,?) or to b(e,2 + e,? — e,). 
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They satisfy the commutator relations 


(5,,5,,) = 0, (6,,6,,) = 4) (6,,a,,) 
(6,,4,,) bi» (6,,4,,) 2, + 2b,,- 


Except for the last relation, these are identical with the 
commutator relations of B,,, B,,, B,,, A,, ($5). Setting 


W, = W, =— W,; = b,, W, = b, + 
we have the commutator relations 


(W,W,) = —2W, (W,W,)=2W, =2W,, 
(WW) = 9, (W.W,)=0, (W,W,)=0. 


These relations are also satisfied by the transformations 
w, = + yp, W, = — 99, = — W, = xp + 


which generate the general binary group G,'. By an imagi- 
nary transformation of variables, R, may be given a real form hav- 
ing the same structure as G,'. 

10. Consider the group G of all binary transformations 


eX 


upon complex variables X, Y with complex coefficients of 
determinant unity. Let J? = — 1 and set 
Y=yt+ ly, la, + Ib, ete. 


Then S corresponds to the quaternary transformation 


a@ —a, ¢ —¢ 

: J 1 1 
= y= 6b —b, d —d, 
y, = b, b d, d 


The relation a6 — fy = 1 gives 
ad—be—ad,+be,=1, ad, +ad—be,—be=0. 

The determinant of © is seen to equal 

(ad — be — a,d, + b,c,)* + (ad, + ad — be, — b,c)? = 1. 


To the product S,S, of two substitutions of the form S, 
corresponds the product ¥,>, of the corresponding substi- 


tutions >. Hence the group G is isomorphic with the 


| 
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group I of the substitution >. But > reduces to the 
identity only when S is the identity. Hence the isomorph- 
ism is holoedric. 

By the usual method, the general infinitesimal transforma- 
tion of J’ is found to be a linear combination of the follow- 
ing linearly independent transformations : 


Oz «On, Oy, 


A 
A, x 
B 0 0 x x, 
B, 0 —2, 
C, | y 0 0 


The real group I therefore possesses no invariant. The 
non-vanishing second minors of the matrix of coefficients 
are 


Upon them the group I’ gives rise to the following transfor- 
mations : 
oP 28 
Ai 2P 0. 0 
A,| 0 —-28 
B 0 2R P 0 
B, 0 —28 0 —P 
C Q 0 
C. 28 0 0 Q 


The determinants of the fourth order of this matrix are all 


identically zero. 


To obtain the homogeneous invariants, 


we annex Euler’s homogeneous operator 


H= 


4 


The determinant of the coefficients of A, A,, B, H equals 
The determinant of A, A,, B,, Hequals 


8PR(S?+R'—PQ). 
—8PS(S?+ — 


PQ). 


invariant is seen to be 


In this way the only homogeneous 


pe | 
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R— PQ. 


In terms of the initial variables z, z,, y, y,, we see that ¢ 
vanishes identically. Also 
Yi, 
x 
The group @ is hemiedrically isomorphic with the group 
of linear fractional substitutions 


Y 
Z= 
The quaternary group on P, Q, R, S is isomorphic with 
a ternary fractional group on Q/P, R/P,8/P. But 


$= (8) (5) 
p= (>) +(3)- 
Eliminating Q/P, we obtain a group of birational quad- 
ratic transformations in the plane. It may evidently be 
obtained more directly from the transformations (18). 


THE UNIVERSITY OF CHICAGO, 
January, 1901. 


ON HOLOMORPHISMS AND PRIMITIVE ROOTS. 
BY DR. G. A. MILLER. 
(Read before the American Mathematical Society, February 23, 1901.) 


In an earlier note * it was observed that every holomor- 
phism of an abelian group with itself can be obtained by es- 
tablishing an isomorphism between the abelian group and 
one of its subgroups (which may sometimes be the entire 
group) and associating the product of corresponding oper- 
ators with the original operator of the group. The present 
note is devoted to some additional developments along this 
line and especially to some elementary results in the theory 
of numbers which may be derived by this method. 

Let s, represent an operator of order p"™ (p being any 
prime number) and let P, the group generated by s,, be 


* BULLETIN, Vol. 6 (1900), p. 337. 
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made isomorphic with one of its subgroups of order p™, 
m,<m. Each operator of P is transformed, by some oper- 
ator ¢ in the group of isomorphisms of P, into itself multi- 
plied by the corresponding operator in this isomorphism. 
Assuming that = 8, , we have 

(n—r+1) 


vr! 


n 
t “Sal” = n8a+n—1°" Sain—r 


It is easy to prove that the order of the product of the 
operators which are multiplied into s, is equal to the order 
of s},, whenever pisodd. In case n is prime to p this fol- 
lows directly from the fact that each of the factors which 
precede s,, , is of a lower order than s,,,. In general, let 
n = kpa,k being prime to p. The exponent of 8,,,¢ is divis- 
ible by p*—™, where m’ is the exponent of the highest power 
of p that is contained in /, since the product of n successive 
numbers is divisible by n!. As the order of s,,, does not 
exceed the order of (s.,,)”', the order of the power of 
8, Which occurs in the above formula cannot exceed 
(%4:)"*8-"—". Hence it is less than the order of s2,, 
whenever 2>1, and the product of all the factors which are 
multiplied into 8q is of the same order as 8% , , when p is odd. 

When p is even we assume that m,<m—1. With the 
same notation as above it is clear that the order of s,,, 
does not exceed the order of (s,,,)**”. Hence the order 
of the power of s,.,, in the formula cannot exceed 

As m’ + 2 is less than 27 whenever / > 1, it follows that in 
this case the order of the product of the factors which are 
multiplied into s, is again equal to s},,. Hence ¢ is always 
of order p™ and the group of isomorphisms of P contains a cyclic 
subgroup of order p"—' when p is odd and one of order 2"~* when 
p is even. 

The group of isomorphisms of a cyclic group is abelian,* 
and can be represented as a regular substitution group 
whose elements correspond to the operators of highest 
order in the cyclic group.+ Hence the group of isomorph- 
isms of the cyclic group of order p” is of order p"—*(p — 1). 
In particular, the group of isomorphisms J of the cyclic 
group of order 2” is of order 2"~'. We have just found 
that I contains a cyclic subgroup of order 2"~—', formed 
by all its operators which transform into itself an operator 
of order 2' (1>1) in P. 

* Trans. Amer. Math. Soc., vol. 1 (1900), p. 397. 

¢ The order of acyclic group is said to have primitive roots whenever 
its group of isomorphisms is cyclic. 
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The group J contains an operator s’ of order two which 
transforms each operator of P into its inverse. As 3’ is not 
contained in the above cyclic subgroup of order 2"~’, which 
is composed of all the operators of J which transform an 
operator of order four in P into itself, it and this subgroup 
must generate I. 

It is now easy to determine the exponent to which a num- 
ber belongs mod 2”, since this exponent is the order of the 
corresponding operator in J. In the above mentioned cyclic 
subgroup of order 2"—’, an operator of order 2* is commuta- 
tive with the operators of order 2"—* in P, but not with those 
of order 2”—**". From this fact and the fact that s’ trans- 
forms each operator of P into its inverse it follows that all 
the numbers which belong to exponent 2‘ (k >1) mod 2” are 
of the form + (12"—* + 1) where / is any one of the ¢(2*) 
numbers not greater than 2* and prime to 2‘ ; and vice versa. 
When k = 1 we have to add 2” — 1 to the numbers obtained 
in this way. Hence the numbers which belong to exponent 
2"~ are = 3 or 5 mod 8.* 

From what is proved above it follows that the group of 
isomorphisms J, of P contains a cyclic subgroup of order 
p” —'. p being any odd prime, which is composed of all the 
operators of J, commutative with each of the operators of 
order pin P. By adding to this subgroup the operators 
which transform transitively these p — 1 operators of order 
p, we obtain the p"~'(p— 1) operators of J. The group 
of order p—1 according to which the operators of order 
p are transformed contains no more than d operators whose 
orders divide d, any factor of p— 1, sincez*=1 mod p 
ean have no more than d roots.+ Hence it cannot have 
two subgroups of the same order and must therefore be 
cyclic. Since J, is abelian its operators of highest order are 
obtained by multiplying the operators of order p — 1 in this 
cyclic subgroup by the operators of order p-"—' in the above 
mentioned cyclic subgroup of order p"—'. Hence J, is cyclic 
and the primitive roots of p” are also primitive roots of p.t 
It may be observed that the above furnishes an independent 
proof of the existence of primitive roots of p™. That the cyclic 
group of order 2p” has the same group of isomorphisms as 
the cyclic group of order p” follows directly from the fact 
that the operator of order two in the former must corres- 
pond to itself in every holomorphism of the group with it- 
self. Hence 2p” also has primitive roots. 


* Cf. Mathews, Theory of numbers, 1892, p. 30. 
+ Gauss, Disquisitiones Arithmeticz, 1801, Art. 54. 
t Ibid, Art. 92. 


| 
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The holomorphisms mentioned inthe second and third 
paragraphs show that all numbers of the form kp™-< + 1, 
where k is any one of the ¢( p*) natural numbers which are 
not greater than p* and prime to p*, belong to the exponent 
p*; « being any positive integer less than m when p is odd 
and less than m — 1 when piseven. Inthe preceding para- 
graph it is proved that these are the only numbers which be- 
long to an exponent which is a power of an odd prime. The 
product of all the numbers which belong to exponent p”~', 
and the ¢(p — 1) powers of a number which is not a primitive 
root of p”, but belongs to exponent p — 1 mod p, will clearly 
give all the primitive roots of p”, since the corresponding 
operators in J, are all its operators of order p"~'(p—1). In 
particular the primitive roots of 3” are the products of 
3” — 1 and the numbers of the form 3/ + 1, / being any one 
of the positive integers not greater than 3”—' and prime to 

The necessary and sufficient condition that an operator of 
I, corresponds to a primitive root of p* is that its order is 
divisible by p — 1 and that its (p — 1)th power corresponds 
to a holomorphism of P with itself which may be obtained 
by establishing a p, 1 isomorphism between P and its sub- 
group of order p"—'. Hence the primitive roots of p* (a >1) 
are also the primitive roots of every power of p.* The pth power 
of a primitive root of p is also a primitive root of p, but the 
pth power of a primitive root of p* is not a primitive root 
of p*. The primitive roots of p are thereforenot always 
primitive roots of p*. In fact, we observe directly, from the 


orders of the operators of I, that just a of the primitive 


roots of p which are less than p” are also primitive roots of p”. 

The preceding considerations can readily be applied to the 
general cyclic group C of order 2%p,*1p,* --- p,m Pm 
being odd prime numbers). By making C isomorphic with 
its subgroup of order --- (where << 4, — 1; 
< 4, y= 1, 2, ,m), and multiplying the corresponding 
operators, we obtain a holomorphism of C with itself, which 
corresponds to an operator of order 2*0'p,*:p,2*' --- p%m’ in its 
group of isomorphisms. Since the latter groupis the direct 
product; of the groups of isomorphisms of the cyclic groups 
of orders 2, p,“, p,%, --*, p,,°™ and since the group of isomor- 
phisms of each one of these groups involves operators of 
order two whenever the order of the group exceeds two, the 


* Lebesgue, Liovville’s Journal, vol. 19 (1854), p. 344. 
+ Trans. Amer. Math. Soc., vol. 1 (1900), p. 396. 
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group of isomorphisms of C is cyclic only when a, = 0 or 1 
and just one of the other exponents differs from 0, or when 
a, = 1 or 2 and all the other exponents are 0.* 


CoRNELL UNIVERSITY, 
February, 1901. 


BESSEL FUNCTIONS. 


Einleitung in die Theorie der Bessel’schen Funktionen. By 
Proressor J. H. Grar und Dr. E. Gusier. Zweites 
Heft : Funktionen zweiter Art. Bern, Wyss and Co., 1900. 


Tue first part of this work appeared in 1898 and was re- 
viewed in the BuLuerin, February, 1899, pp. 253-8. The 
general arrangement of the second part is similar to that of 
the first, the authors again emphasizing the fact that the 
work is done in the spirit of Schlafli’s lectures, the manu- 
scripts of which were in their hands, though many problems 
are extended and modernized. This fact explains the ab- 
sence of many important phases of the theory of the Bessel 
functions which one might expect in a symmetric treatise. 
Moreover, the authors have been rather overgenerous in 
their references to papers originating at Bern, omitting 
others which contained proofs of fundamental theorems prior 
to their discovery by the Bern school, although probably no 
plagiarism could be charged. Several fundamental theorems 
by American authors have received no recognition in the 
book. 

Here, as in Volume I, the loop integral is the principal 
factor in the investigation, and next in importance is the 
expansion in series. The differential equation is less fre- 
quently used. The procedure is rather original, and fre- 
quently markedly different proofs for well-known theorems 
are given, which in some instances have led to detection of 
error in papers already published. 

The only attempt at a concrete illustration or application 
is the expansion of a few functions in terms of Bessel func- 
tions, though the relations which exist between these func- 
tions and others are quite fully brought out. 


The second part begins with the expansion of — ; in 
terms of Bessel functions, the result being 


* Gauss, Disquisitiones Arithmetice, 1801, Art. 92. 
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z 
[s=4 4(¢—t")], (lim N= 


The part under the integral sign is denoted by 20,(z), 
and O,(z) is called the Bessel function of the second kind. 
This terminology i is unusual, since the differential equation 
for J,(x) is not satisfied by O,(x), but in other respects 
0.(z) is quite analogous to J,(z). The authors suggest the 
analogy between the Bessel functions of the first and second 
kind on the one hand and spherical harmonics of the first 
and second kind, as defined by Neumann, on the other. 

The symbol n is used to denote an integral parameter ; 
the form of the infinite series for O,(x) is then derived, 
and the numerical coefficients calculated for n=1 to n=11. 
This method is then compared with that of Neumann for 
obtaining equation (1). O,(z), J,(#) are both shown to 
exist in a Laurent ring. Any continuous and differentiable 
function can be expanded in but one way in terms of Bessel 
functions.t The discussion of integrals of products of 
J, O closes the chapter. 

In the following chapter the related function S(z) is in- 


troduced : 
N 
—1)" dt 


cos’ cos’ $nz 


(0,(2) = + 

The expression cos’4nz,=0 or 1, n=1 mod 2, 0 mod 2 
causes some confusion, both in this and later chapters, but 
the difficulty is easily removed by changing a limit in a 
summation. The numerical calculation of S(z) is given 
forn=1ton=12. (2) is always a polynomial in 


cos’ $zn 


is eliminated and S,(z) expressed as a (finite) series in 
terms of O,(2). The differential equation is found to be 


* The notation J of the work reviewed is here replaced by Ja, etc. 

+ In my review of Part 1, I carelessly attributed this theorem to Schlé- 
milch. This was simply an error of my own; the statement was not 
made in the book, but Schlémilch’s name was used in a different connec- 
tion. 
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= S, +2 + (2° — n*)S, = 2z sin’ 


+ 2n cos* 4nz = or 2n as n = 0, 1 mod 2; 
that for O is 
0 O,+ O, = xcos’ + n sin’ $nz, 


oO J,(x) = 0 being the differential equation for J,(). 

The chapter closes with the integration of this differen- 
tial equation, which results in expressing S,(z) and O,(2) 
in terms of J,(x), K,(2x). 

Chapter VIII introduces two new functions, T,,(«), U,(2), 
defined by series, somewhat analogous to the partial sum- 
mations of J(x) and of K(x). They are next expressed as 
integrals, 


9 


In deriving the differential equation for 7,(x), cos’ 4nz in 
trudes again and the authors have chosen an infelicitous 
expression for removing it. In fact, taking the statement 
pp. 50-52 literally, an actual error would be made. This is 
about the only difficult part to follow in the text. 

The function T is expressed in terms of J, and also as a 
definite integral—a similar discussion follows for U. K, J, 
T, S are shown to satisfy the relation 


( 1)"y_., Une 


At the end of the chapter the relation between these func- 
tions and the y of Neumann, of Hankel, and of Weber are 
given, the first being expressed by the equation 


y,(2) = log z.J,(z) — + $7,(2) — U,(2), 


and the others are also given in detail. The functions S,, 
T., U,, are ealled Schlafli functions. 

Chapter X deals with the addition theorem ; it is prefaced 
by a historical introduction which concisely gives the de- 
velopment of the problem. The method of proof is quite 
consequent : it consists in expressing J,,(x + y) as a definite 
(loop) integral 


J,( a+ y) = [s = 


v= > Aly), 
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By simple and natural transformations, the functions 


J,(z), K,(2), 0,(2), S.(z), 
are shown to satisfy the same addition theorem, namely, 


similar expressions are derived for the argument x — y, for 
parameter n and —n. The chapter concludes with a simi- 
lar discussion of the product of two Bessel functions. To 
me this chapter appears very successful in its consistent 
method of procedure. 

The next chapter deals with the expansion into a con- 
tinued fraction of the ratio of two Bessel functions whose 
parameters differ by unity ; it is preceded by a sketch of the 
historical development of the problem, a feature that is 
repeated in every subsequent chapter. Several pages are 
devoted to the expansion of particular functions. 

The Sehlafli funetion P(x) is shown to be a polynomial 
of order m in 2’. It is developed for values of m from — 2 
to 8 in terms of an arbitrary parameter a; then a recurring 
process gives the value of the function for other negative 
values of the integer m. The chapter closes with the appli- 
cation to some particular cases, a = 4, a= — 3, lim P,“(2). 


Chapter XII treats of the classic problem of the relation 
of the Bessel function to the hypergeometric series. The 
treatment is quite original and direct, the method being 
somewhat independent of the older memoirs. The prob- 
lem is to determine the value of the integral 


= f J ; 


the result is 


I'(a+e) 


+ 


the conditions for convergence are carefully discussed. 

An interesting case is discussed wherein }= +7; the 
region in which the function exists and the transformed 
path of the loop integral are well treated. A second proof 
is given, depending on a curvilinear integral; some new 
relations between F functions are incidentally found, 
among them being 


m= 
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= (1 — 2z)*+(1 — F(a, 1—<a, 7, 2). 


a+y 42(1 — x) 


This last equation is then developed directly by means of 
the definite integral ; the path of integration is varied and 
the moduli of periodicity obtained by crossing the section 
are then discussed. Here again the special power of the 
curvilinear integral is exhibited, in the use of which the 
authors have shown considerable skill. The function con- 
sidered is 

and the curve of section (Grenzscheide) is a limagon. The 
chapter closes with a discussion of a few particular cases, 
including besides some well known results a few new ones 
regarding integrals of Bessel functions. 

In the final chapter Weber’s discontinuous integral 


{: J, J dx 


is discussed and generalized for any parameters ; this is done 
by Dr. Gubler. The method employed is an application of 
the principles established in the preceding chapter, with the 
selection of an appropriate path of integration for each case. 

A short appendix is added, in which still another form of 
the integral is obtained, and another section reduces the 
differential equation of the Besse] function of the first kind 
to a Riccati equation ; and gives the form of the solution as 
a function of two independent J(z) functions. 

The bibliography which introduces each chapter, and the 
list of sources quoted which is appended to each part, while 
not always complete and not always giving the original 
source, still form a valuable part of the book. This work 
and the treatise of Gray and Mathews supplement each 
other, each being somewhat one sided when studied alone. 

A number of typographical errors already found are cor- 
rected in a list inserted in Part II ; but a good many more 
are still in the text, though few, if any, would prove a 
source of annoyance to the reader. 

Any worker in Bessel functions will find the work a help- 
ful text. Vircit SNYDER. 


CORNELL UNIVERSITY, 
March 9, 1901. 
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SHORTER NOTICES. 


Lezioni sulle Teoria delle Superficie. By Grecorio Ricct. 
Padova, 1898. 


Tuis lithographed volume of about 400 pages gives the 
formal development and application to the theory of surfaces 
of the instrument of analysis termed Calcolo differenziale as- 
soluto by the author. The method leads to formule and 
equations always presenting themselves under the same 
form for any system of independent variables, and the diffi- 
culties which are incidental and formal rather than intrinsic 
are thus to some extent done away with, and the research 
assumes a uniformity absent in other methods. The entire 
discussion is based on the properties of differential quadratic 
forms, and the Introduction, of about 130 pages, contains a 
rather complete exposition of the methods of the calculus 
with a more or less full treatment of differential quadratic 
forms in general and binary forms in particular. The 
novelty and generality of the method and notation require 
of the reader nota little effort ; but, these difficulties of form 
once overcome, the various geometrical applications follow 
easily. 

Chapter I is devoted to generalities on linear homogeneous 
partial differential equations of the first order and to com- 
plete systems. Chapters II and III treat differential quad- 
ratic forms and develop the absolute calculus for n vari- 
ables. In chapters IV and V these forms are classified and 
differential invariants are formed, while chapter VI applies 
the calculus to two variables. 

Part I, comprising the second third of the book, treats sur- 
faces as flexible and inextensible, while Part II is taken up 
with the theory of surfaces considered as having a rigid form 
in space. Chapter IV of this part treats special classes of 
surfaces, while chapter VI is devoted to surfaces of the 
second degree. 

The treatise is by no means a complete exposition of the 
whole theory of surfaces, such subjects as infinitesmal de- 
formations, pseudospherical geometry, and triply orthogonal 
systems being barely mentioned ; but the idea of the volume 
seems to be to give some notion of the power and elegance 
of the absolute calculus. This hasa wider application than 
that indicated here. many questions of pure mathematics 
and of mathematical physics being advantageously treated 
by it ; and those accustomed to the classic method and nota- 
tion, as found in Darboux and Bianchi for instance, will 
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find the book well worth reading if for no other reason than 
to look at the theory from another and entirely different 
aspect. 

G. O. JAMEs. 


Lecons sur la Théorie des Formes et la Géométrie analytique supé- 
rieure. Par H. ANpoyer. Volume I. Paris, Gauthier- 
Villars, 1900. 8vo, pp. vi +508. Price, 15 francs. 


Ir would be asserting too much to say that M. Andoyer’s 
first volume fulfills all reasonable expectations. In this vol- 
ume only binary and ternary forms are treated, the quater- 
nary field being reserved for a second, which is announced 
as already in press. All who read the author’s introduction 
(lithographed ) a few years ago must have expected to find 
in the present work a treatise not only compendious but 
also elementary. Compendious it certainly is. covering a 
surprisingly wide range, but the student beginning in this 
subject and reading it alone will find it impenetrable. It is 
lucid, it is concise, but it is extremely condensed. Therein 
lies, however, its great merit. As a work of reference. or 
as a syllabus to accompany a lecture course, it will super- 
sede anything hitherto published in the same field. Its 
field is geometry—invariantive geometry, algebra taking 
the second place. Accordingly one cannot yet dispense 
with Salmon, Faa di Bruno, and Elliott. Nor is it intended 
to precede the study of projective geometry of curves; 
rather it presupposes a large amount of geometrical knowl- 
edge, and aims to recast and systematize it. To quote 
from the preface: ‘‘ Je me suis proposé, en |’ écrivant, d’ex- 
poser d’une facon didactique la théorie des formes et son 
interprétation géométrique générale.”’ 

inary forms are treated in ten chapters, occupying 145 
pages. After two excellent but too compact preliminary 
chapters, linear and quadratic forms and systems of forms 
are fully discussed, together with formal treatment of re- 
sultants and discriminants. Cubics, quartics, and quintics 
with their full covariant systems are given, the last only in 
list without any detail. All systematic discussion of com- 
plete form systems is excluded, the reader being referred to 
Gordan and Hilbert. Finally forms in two sets of variables 
are taken up, otherwise correspondences, and the metric 
geometry on a line. The chapter most novel in this binary 
division is that on the doubly quadratic form, or the (2, 2) 
correspondence on a line. Of course the problem of derived 
correspondences (2, 2) and the conditions for the occurrence 
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of closed systems are of principal importance here, and I 
believe that no algebraic treatment has been accessible in 
textbouks heretofore. Andoyer derives the explicit funda- 
mental invariants and covariants, the recursive formula ex- 
pressing the equation of the (n + 1)th derivative correspon- 
dence in terms of the nth and (n—1)th. and so ultimately in 
rational covariants of the original form. Theresults here 
obtained are directly applied in the chapter on Poncelet’s 
polygons, in the ternary division. 

Under ternary forms occur the necessary formal gener- 
alities, short chapters on homography and on conics (la série 
quadratique); then that just now alluded to upon the system 
of two conics, a welcome addition to the literature of the 
subject. Invariant conditions for closed Poncelet polygons 
of 3 and of 4 sides are given in rational functions of the 
four fundamental invariants. and the apparatus is furnished 
for calculating similar conditions for n sides. The deriva- 
tion of these results by the aid of the elementary invariants 
of a binary biquadratic form is a decided improvement 
upon older methods. 

Two bilinear forms and the quadratic correspondence are 
handled thoroughly, with a view to the quartic curve. 
Cubic and trilinear forms have a fairly full treatment (53 
pages). The quartic curve is considered as the envelope of 
a variable conic whose parametric point describes a fixed 
conic : thus the bitangents and quadruply tangent conics are 
examined by the method of Cayley and Salmon. The two 
eéncluding chapters, apparently valuable, are concerned 
with metric geometry, general and special, 7. e., with a 
proper quadric and a degenerate quadric respectively as the 
absolute. 

The thoroughly systematic execution of the work perhaps 
excuses the absence of any index, and the geometrical purpose 
naturally excludes any account of the work of Hilbert or of 
Deruyts ; but a work of this magnitude, not professedly a 
cyclopedia, ought certainly to offer some perspectives and 
some outlook. The promise of a general bibliography in 
Volume II is hardly a substitute for the minute and par- 
ticular citations that a student needs.—Enough of fault- 
finding! It is refreshing to read a treatise that makes per- 
fectly free use of invariants of every degree of intricacy, 
with an eye solely to their significance and no concern about 
their explicit formulation. Let us notice that this last 
product of the nineteenth century on plane curve theory 
stops short of the quintic. 

Henry S. WHITE. 
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NOTES. 


Tue second (April) number of Volume II of the Trans- 
actions of the AMERICAN MATHEMATICAL Society contains the 
following papers: ‘ Canonical forms of quaternary abelian 
substitutions in an arbitrary Galois field,’’ by L. E. Dickson ; 
‘‘ Certain cases in which the vanishing of the Wronskian i is 
a sufficient condition for linear dependence,’’ by M. B6cHER ; 
‘*An elementary proof of a theorem of Sturm,’’ by M. 
Bocuer : *‘ On the determination of surfaces capable of con- 
formal representation upon the plane in such a manner that 
geodetic lines are represented by algebraic curves,’’ by H. 
F. Strecker ; ‘‘ On the existence of a minimum of the in- 


tegral F(a, y, when 2, and z, are conjugate points, 
er 


and the geodesics on an ellipsoid of revolution ; a revision 
of a theorem of Kneser’s,’’ by W. F. Oscoop; ‘‘On the 
geometry of planes in a parabolic space of four dimensions,”’ 
by I. SrrincHam. 


Tue April number (second series, volume 2, number 3) of 
the Annals of Mathematics contains the following papers: ‘‘Suf- 
ficient conditions in the calculus of variations,’’ by W. F. 
Oseoop ; ‘‘ Lagrange’s equation in the calculus of variations 
and the extension of a theorem of Erdmann,’’ by J. K. 
WHiItTTEMORE ; ‘* On some points in the theory of the hyper- 
geometric function, expressed as a doubie circuit integral,é’ 
by R. M. Harnaway ; ‘‘ A theorem in continued fractions,’’ 
by D. N. Lexumer; ‘‘ Note on the dual of a focal property of 
the inscribed ellipse,’? by R. E. ‘‘ A simplified 
solution of the cubic,’’ by Emory McC.iintock. 


Art the regular meeting of the London mathematical so- 
ciety held on March 14, 1901, the following papers were 
read: ‘* An account of some algebraical identities of simple 
arithmetical application,’’ by Professor E. B. Ex.iort; 
‘Preliminary notice concerning the stability of motion,’’ 
by Professor A. E. H. Love; ‘‘On the composition of 
group characteristics,’’ by Professor W. BurnsipE; ‘‘On 
the use of Cauchy’s principal values in the double limit 
problems of the integral calculus,” by Mr. G H. Harpy. 


Tue following papers were read at the meeting of the 
Edinburgh mathematical society held on March 8, 1901: 
‘Some elementary theorems regarding surds,’’ by Professor 
G. Curystat ; ‘*‘ Note on the application of complex integra- 
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tion to the equations of conduction of heat,’’ by Mr. J. 
DovuGaLt. 


Tue first fasciculus of volume IV of the Encyclopaedia 
of the mathematical sciences (see Bulletin, volume 7, page 
101) is to appear very shortly. It will contain ‘‘ Vector 
analysis,’? by Dr. M. ABpranam of Gottingen, and Pro- 
fessor A. E. H. Love’s two articles on ‘‘ Hydrodynamics.”’ 


Tue first fasciculus of volume 9 of the Jahresberichte of 
the German mathematical association has just appeared. 
It contains an announcement that volume 10 will include a 
report by Professor H. Burkuarpt entitled: ‘‘ Die Ausbil- 
dung der Methode der Reihenentwickelungen an physikal- 
ischen Problemen.”’ 


Tue Spanish journal El Progreso matematico, edited by D. 
Zor, G. DE GALDEANO, Saragossa, ceased publication with 
the number for last December. 


Tue first two numbers of a new Italian monthly, Le Mate- 
matiche pure ed applicate have appeared. Itis edited by Pro- 
fessor C. Avastia of Oristano with the cooperation of twenty 
Italian and foreign mathematicians, and is published by S. 
Lapi in Citta di Castello. The periodical will publish notes 
and memoirs on elementary and advanced mathematics, but 
preference will be given to articles on applied mathematics. 
The first number, which has twenty-four pages, begins with 
arrarticle on continued fractions by the late Professor C. 
Hermite. Contributions may be sent to the American 
member of the board of editors, Professor G. B. Hatstep, 
Austin, Texas. 


THE announcement is made that Professor A. von Oxt- 
TINGEN of Leipsic has undertaken to edit Volume IV. of 
Poggendorff’s Biographical Dictionary, which is to cover the 
period 1884-1900. Authors of works and articles in math- 
ematics, physics, astronomy, meteorology, chemistry, min- 
eralogy, geology, and geography have been asked to promote 
this undertaking by sending to Professor v. Oettingen 
biographical notices, and also information regarding books 
and articles published in periodicals which are not very 
widely known. The new volume will appear in 1902 or 
1903, and will be published by J. A. Barth, of Leipsic. 


CAMBRIDGE University. The Smith’s prizes have been 
adjudged to G. H. Harpy, fourth wrangler in 1898, for 
his essay on ‘‘ Definite integrals of discontinuous functions,”’’ 


364 NOTES. [May, 


and to J. H. Jeans, bracketed second wrangler in 1898, for 
his essay on ‘‘ The distribution of molecular energy.’’ P. 
V. Bevan, fourth wrangler in 1899, received an honorable 
mention for his essay on ‘‘ The influence of metallic media 
on light vibrations.”’ 


Tue University or Cuicaco.—The following advanced 
mathematical courses, four hours weekly, are to be offered 
during the four quarters (su, a, w, sp) of the year beginning 
June 19, 1901 :—By Professor E. H. Moore: Theory of 
functions of a real variable, with seminar (a, w, sp).—By 
Professor O. Botza: Theory of functions of a complex vari- 
able (su); Caleulus of variations (su); Advanced algebra 
(a, w); Abelian functions, with seminar (a, w).—By Asso- 
ciate Professor H. Mascuxe: Theory of functions (a, w); 
Theory of the potential (sp); Theory of invariants (a); 
Twisted curves and surfaces, with seminar (w, sp).—By 
Assistant Professor H. E. Sraveur: Differential equations 
(su); Advanced integral calculus (a, w, sp).—By Assistant 
Professor J. W. A. Youne: Pedagogy of mathematics (su); 
Solid analytics (sp).—By Assistant Professor L. E. Dicx- 
son: Pure and analytic projective geometry (su); Theory 
of numbers, with introduction to congruence groups (sp).— 
3y Dr. J. A. Boyp: Solid analytics and determinants (su). 
—By Dr. McDonatp: Hyperelliptic functions (sw). 


CotumBiA Universiry.—The following advanced courses 
are offered during the academic year 1901-1902 by the de- 
partments of mathematics and mechanics, each course ex- 
ténding throughout the year :—By Professor F. N. CoLe: 
Theory of groups, three hours.—By Professor T. 8. Fiske : 
Advanced calculus, three hours; Functions defined by 
linear differential equations, three hours.—By Professor J. 
Mactay: Theory of functions of a complex variable, three 
hours.—By Professor M. I. Pupin : Electromagnetic theory 
of light, two hours ; Bessel’s functions and spherical har- 
monics, one hour.—By Professor R. S. Woopwarp: Ad- 
vanced theoretical mechanics, two hours; Theory of the 
potential function, two hours.—By Dr. E. Kasner: The- 
oretical mechanics, three hours.—By Mr. C. J. Kryser: 
Modern theories of geometry, three hours.—By Mr. H. B. 
Mircue..: Differential equations, three hours. —By Mr. J. 
C. Prister: Theoretical mechanics, two hours. 

The mathematical colloquium is held fortnightly. 


CoRNELL Universiry.—Among the courses announced 
for the summer session, July 5th to August 16th, are ele- 
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mentary courses in algebra, geometry, trigonometry, ana- 
lytic geometry, and infinitesimal calculus, given by Profes- 
sors TANNER, JONES, Wait, and Dr. Murray, and the 
following advanced courses :—By Professor L. A. Warr: 
Analytic geometry, based on Salmon’s conic sections, three 
hours ; Differential calculus, based on the treatises of Tod- 
hunter and Williamson, two hours.—By Dr. V. Snyper: 
Projective geometry, an elementary course in Cremona’s 
Projective geometry, five hours.—By Dr. D. A. Murray: 
Differential equations, five hours ; Descriptive astronomy, 
five hours.—By Dr. G. A. Miter: Integral calculus, based 
on the treatises of Todhunter and Williamson, five hours ; 
Introduction to the theory of groups and the theory of 
numbers, five hours; History of mathematics, five hours. 
—By Dr. J. V. Westrat.: Theory of functions of a com- 
plex variable, the elements of the theories of Cauchy, Rie- 
mann, and Weierstrass, three hours. 


Harvarp University.—The following advanced mathe- 
matical courses are offered during the academic year 1901- 
1902 :—By Professor J. M. Pierce: Quaternions (first 
course); Triangular coordinates and algebraic plane curves, 
especially cubics ; + Application of quaternions to the theory 
of curves and surfaces ; + Selected topics in quaternions.— 
By Professors W. E. Byreruy and B. O. Petrce: Trigono- 
metric series, spherical harmonics, and potential function.— 
By Professor W. E. Byrerty: Ca.=lus (second course); 
Dynamics of a rigid body.—By Professor W. F. Oscoopn : 
+ Infinite series and products; Theory of functions (first 
course).—By Professgr M. BécuEr : + Algebra, properties 
of polynomials, invariants ; + Introduction to partial differ- 
ential equations ; Functions defined by linear differential 
equations.—By Dr. C. L. Bouron: + Theory of numbers ; 
+ Elementary differential equations.—By Mr. J. K. Wurrre- 
MORE: Modern geometry ; Hydrostatics, hydrokinetics.— 
By Mr. J. L. CootipGe: { Theory of equations, invariants ; 
Non-euclidean geometry. 

These courses will involve three lectures a week through- 
out the year, except those preceded by +, which involve 
about half this number of lectures. Professors ByERLY 
and Oscoop, Dr. Bourton, and Mr. Coo.ipGE also offer 
courses in reading and research on Picard’s Traité d’ana- 
lyse, Calculus of variations, Theory of continuous groups, 
and Projective geometry, respectively. 

The mathematical conference will meet twice a month. 


YALE Universiry.—The following courses in mathematics 
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are announced for the year 1901-1902 :—By Professor J. E. 
CLarK : { Determinants, with applications to geometry and 
the theory of elimination, two hours; + Differential equa- 
tions, two hours.—By Professor J. W. Gisss; 7+ Vector 
analysis, three hours; + Advanced vector analysis, three 
hours; Electricity and magnetism, one hour; Thermo- 
dynamics and properties of matter, two hours.—By Pro- 
fessor W. BEEBE: Celestial mechanics, three hours.—By 
Professor J. Prerront: + Higher algebra, three hours ; Dif- 
ferential equations and function theory, three hours; Theory 
of functions, three hours.—By Professor P. F. Smirn: Ad- 
vanced differential geometry, two hours ; + Foundations of 
geometry, two hours.—By Professor H. A. Bumsteap: Prob- 
lems in mathematical physics, two hours.—By Dr. M. B. 
Porter: Advanced calculus, three hours ; + Selected topics 
in differential equations, three hours.—By Dr. W. A. Gran- 
VILLE : } Differential geometry, three hours.—By Mr. E. B. 
Witson : Analytical mechanics, three hours ; + Projective 
geometry, three hours. 

Courses preceded by ¢ extend through only one half of 
the year. 


TuE several German universities below offer during the 
summer semester, 1901, courses in mathematics as follows : 


University oF Bertin.—By Professor L. Fucus: Appli- 
cations of the theory of elliptic functions, three hours ; 
Theory of linear differential equations, four hours.—By 
Professor H. A. Schwarz: Integral calculus, four hours ; 
Theory of analytic functions, I, four hours ; Gauss’s hyper- 
geometric series, two hours; Matliematical colloquium, 
two hours.—By Professor G. Frospenius: Theory of alge- 
braic equations, II, four hours.—By Professor J. KNos- 
LAucH: Theory of space curves, one hour; Theory of 
curved surfaces, four hours ; Elliptic functions, four hours. 
By Professor K. HenseLt: Analytic geometry of plane and 
space, four hours; Theory of probabilities, two hours ; 
Geometry of numbers and its application ; Colloquium, two 
hours.—By Professor R. HEeLtmert: Figure of the earth, 
one hour; Map projection, one hour.—By Professor R. 
LEHMANN-FiLHEs: Differential Calculus, four hours, with 
exercises, one hour.—By Professor G. HetrNer: Fourier’s 
series and integrals, two hours. 


UNIvERsITY oF Bonn.—By Professor L. Herrrer : Infini- 
tesimal calculus, four hours, with exercises, one hour ; Des- 
criptive geometry, two hours, with exercises, three hours.— 
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By Professor R. Liescuirz: Theory of numbers, four hours ; 
Seminar, two hours.—By Professor H. Kortum ; Theory of 
algebraic equations, four hours; Seminar, two hours. 


University or HALLE.—By Professor G. Cantor : Theory 
of numbers, four hours; Definite integrals and differential 
equations, two hours; Seminar, two hours.—By Professor 
A. Wancerin: Theory of potential and spherical harmon- 
ics, five hours ; Seminar, two hours.—By Professor V. EBrr- 
HARD: Theory of Determinants, one hour: Plane analytic 
geometry, three hours.—By Dr. E. Neumann : Infinitesimal 
calculus, I, four hours, with exercises, one hour. 


University oF Innspruck.—By Professor O. Srouz: 
Theory of double integrals, two hours; Calculus of varia- 
tions, one hour; Seminar on the foregoing subjects, one 
hour ; Theory of functions of a complex variable according 
to Cauchy and Weierstrass (continued), with seminar, three 
hours.—By Professor W. WirtincEr: Linear partial dif- 
ferential equations (continued), three hours; Euler’s and 
the hypergeometric integrals, two hours; Seminar, two 
hours.—By Dr. K. ZinpLerR: Descriptive geometry, four 
hours ; Applications of calculus to geometry (continued), 
two hours. 


UNIVERSITY OF VIENNA.—By Professor J. v. EscHErRicu : 
Calculus of variations, five hours ; Mathematical statistics, 
three hours ; Proseminar, one hour; Seminar, two hours.— 
By Professor L. GeGENBAUER : Theory of quadratic forms, 
two hours ; Theory of numbers, IT, three hours ; Theory of 
probabilities, three hours ; Proseminar. one hour ; Seminar, 
two hours.—By Professor F. Mertens : Elements of infini- 
tesimal calculus for students of all faculties, II, five hours, 
with exercises, two hours ; Proseminar, one hour ; Seminar, 
two hours.—By Professor G. Koun: Synthetic geometry 
(continued), four hours, with exercises, one hour.—By Dr. 
V. Sersawy : Mathematics of insurance, two courses of three 
and four hours respectively.—By Dr. A. TauBer : Analytic 
geometry of space, three hours ; Mathematics of insurance, 
three hours, with exercises, two hours.— By Dr. E. 
BuiascHkeE : Introduction to mathematical statistics.—By 
Dr. R. D. v. SrerNEcK : On the number of prime numbers 
between given limits, one hour.—By Dr. J. A. GMEINER : 
Quaternions. with applications to the motion of points, one 
hour. 


A course of six lectures on ‘‘ British mathematicians of 
the nineteenth century ’’ was delivered by Dr. ALEXANDER 
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MacrarLaneE at Lehigh University, April 12-23. The life 
and work of the following mathematicians was presented : 
George Peacock (1791-1858), Augustus De Morgan (1806- 
1871), W. R. Hamilton (1805-1865), George Boole (1815- 
1864), Arthur Cayley (1821-1895), W. K. Clifford (1845- 
1879). 


Dr. J. C. Fieips has recently given at the University of 
Toronto a course of lectures on ‘‘The quadrature of the 
circle. ’’ 


Proressor J. W. Gripss, of Yale University, has been 
elected an honorary member of the London physical 
society. 

Proressor G. Humsert of the Ecole polytechnique has 
been elected a member of the section of geometry of the 
Paris academy of sciences to fill the vacancy caused by the 
death of HERMITE. 


Proressor AsApH Hatt, U.S. Navy, who for the last 
five years has been lecturer on celestial mechanics at Har- 
vard University, has resigned his position there, and will 
spend the next year or two in European travel. 


Ir is reported that the faculty of the University of Munich 
has nominated Professors D. Hitpert, A. Brity, and A. 
Voss to fill the vacancy caused by the resignation of Pro- 
fesser G. BAUER. 


Dr. E. A. ENGLER, professor of mathematics in Wash- 
ington University, St. Louis, Mo., has been elected pres- 
ident of the Worcester Polytechnic Institute, to succeed Dr. 
T. C. MENDENHALL, who retires on account of ill-health. 


Art Columbia University, Dr. James Macray has been 
promoted to an associate professorship of mathematics, and 
Mr. J. C. PrisTer to an instructorship in mechanics. Dr. 
G. H. Line, of Wesleyan University, and Mr. W1iLt1amM 
Finp.ay, of the University of Chicago, have been appointed 
tutors in mathematics in Columbia University. 


Mr. H. W. Kuuy, of Cornell University, has been ap- 
pointed assistant professor of mathematics in Ohio State 
University. 

Dr. R. E. Morirz, of the University of Nebraska, has 
received leave of absence and will spend a year in study in 
Germany. 


Proressor H. A. Row.Lanp, Johns Hopkins University, 
died at Baltimore, April 16. 


___ 
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Tue death is announced of Dr. J. T. Durrrep, profes- 
sor of mathematics in Princeton University since 1847. 


Tue deaths are also announced of M. T. Movurarp, an 
eminent French mathematician and engineer and honorary 
examiner at the Ecole polytechnique ; of Dr. P. M. Pox- 
ROwSKI, professor of mathematics at Kiew ; and of Dr. F. 
MELDE, professor of physics and director of the mathemat- 
ical and physical institute of the University of Marburg. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Cottins (J. V.). An elementary exposition of Grassmann’s Ausdeh- 
nungslehre, or theory of extension. Springfield, Mo., Dixon, 1901, 
8vo. 2+46 pp. (Reprinted from the American Yathematical Monthly, 
Vols. 6 and 7.) 


Kiepert (L.). Grundriss der Differential- und Integralrechnung. Teil I: 
Differentialrechnung. 9te Auflage des gleichnamigen Leitfadens 
von M.Stegemann. Hannover, Helwing, 1901. 8vo. 17+ bee PP. 
Cloth. M. 


MANNING (H. P.). Non-euclidean geometry. Boston, Ginn, 1901. 
12mo. 4+ 95 pp. Cloth. $0.75 


MOLK (J.). See TANNERY (J.). 


Nicuots (E. W.). Differential end integral calculus, with applications ; 
for colleges, universities and technical schools. Boston, Heath, 1900. 
12mo. 405 pp. Half-leather. $2.00 


STEGEMANN (M.). See Kiepert (L.). 


TANNERY (J.) et MoLK (J.). Eléments de la théorie des fonctions 
elliptiques. (En 4 volumes.) Vol. 4: Calcul intégral, partie 2e, 
et applications. Fascicule I. Paris, Gauthier-Villars, 1900. 8vo. 
Pp. 1—164. Vol. 4 complete Fr. 9.00 


WIENER (H.). Die Einteilung der ebenen Kurven und Kegel dritter 
Ordnung in 13 Gattungen. Teil I: Die Konfiguration der neun 
Wendepunkte einer ebenen Kurve dritter Ordnung. Teil IT: Der 
syzygetische Biische] von Kurven dritter Ordnung. Hallie, Schilling, 
1901. 8vo. 6+34pp. (Mathematische Abhandlungen aus dem 
Verlage mathematischer Modelle von M. Schilling in Halle a. S.; 
neue Folge, No. 2.) M. 1.60 


II. ELEMENTARY MATHEMATICS. 


ALASIA (C.). La recente geometria del triangolo. Citta di Some 
Lapi, 1900. 8vo. 16+ 339 pp. Fr. 3.00 


| 
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AwasIA (C.). Relazioni fra gli elementi di un triangolo piano; 566 
formule raccolte ed ordinate. Citta di Castello, Lapi, 1900. 8vo. 
35 pp. 

BERGMANN(F.). See ROSSMANITH. 


BoyDEN (W.C.). Primeros pasos en Algebra ; traducido y adaptado al 
idioma castellano. New York, Silver, Burdett, & Co. [1900]. 
12mo. 194pp. Cloth. $0.60 


Buck (R. C.). Manual of trigonometry ; for use, more especially, of 
young sailors and officers in the merchant navy. Revised edition. 
London, Griffin, 1901. 12mo. 124 pp. Cloth. (Nautical series. ) 

3s. 6d. 


DEKKER (P.). See NIEMOLLER (F.). 
Euciip. See Srmon (M.). 


Frenca (C. H.) and OsBoRN (G.). First year’s algebra ; with or with- 
outanswers. London, Churchill, 1901. 12mo. Cloth. 1s. 6d. 


GABRIELLI (A.). Nuovo metodo per la risoluzione delle equazioni ad 
una incognita del secundo, del terzo grado e di grado superiore. 
Milano, Pirola, 1901. 8vo. 26 pp. Fr. 1.50 


JELINEK (L.). Logarithmische Tafeln fiir Gymnasien und Realschulen. 
4te Auflage. Samt Anleiturg. Wien, Pichler, 1900. 8vo. 4+ 157 
pp. Cloth. M. 1.50 


J. (F.). Compléments de trigonométrie et méthodes pour la résolution 
des problemes. Paris, Poussielgue [1901]. 18mo. 12+ 843 pp. 
(Cours de mathématiques élémentaires. ) 


Kwai (I. H.). Grundriss der Geometrie ; ein Leitfaden fiir den Unter- 
richt. Teil I: Planimetrie. 2te Auflage. Dresden, Kuhtmann, 
1900. 8vo. 4+ 95 pp. M. 1.40 


MATRICULATION mathematics; model answers. January, 1895, to January, 
1901. London, Clive, 1901. 12mo. 156pp. (University Tutorial 
2s. 


Series. ) 

METRAL (A.). La trisezione g trica dell’angolo, con traduzione 
francese della parte principale. Roma, Pistolesi, 1900. 8vo. 32 pp., 
1 plate. 

MILNE (W. J.). Academic algebra. New York, American Book Com- 
pany [1901]. 12mo. 2+ 444pp. Half-leather. $1.25 


NIEMOLLER (F.) und DEKKER (P.). Arithmetisches und algebraisches 
Unterrichtsbuch. Fir den mathematischen Unterricht in der 
Mittel- und Oberstufe héherer Lehranstalten nach den Bestimmungen 
der preussischen Lehrplane von 1892 bearbeitet. (In 4 Heften.) 
Heft 3: Pensum der Obersekunda. Breslau, Hirt, 1901. 8vo. 
80 pp. Boards. M. 1.25 


OsBORN (G.). See FrencH (C. H.). 


RHEUDE (F.). Lésungen zu den mathematischen Absolutorialaufgaben 
der bayerischen Realschulen. (1875-1900 incl.) 2te Auflage. Miin- 
chen, Kellerer, 1901. 8vo. 211 pp., 7 plates. M. 2.20 


RossMANITH und ScHOBER. Geometrische Formenlebre. Ein Leit- 
faden fiir den geometrischen Anschauungsunterricht in der ersten 
Realklasse. 6te Auflage, bearbeitet von F. Bergmann. Mit 77 
Figuren, einer Tafel und zahlreichen Uebungsaufgaben. Wien, 
Pichler, 1900. 8vo. 63 pp. Cloth. M. 1.10 
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RteEFui (J.). Lehrbuch der ebenen Trigonometrie, nebst einer Samm- 
lung von Uebungsaufgaben. Zum Gebrauche an Sekundarschulen 
(Realschulen) und Gymnasialanstalten bearbeitet. 3te Auflage. 
Bern, Schmid & Francke, 1901. 8vo. 100pp. Boards. M. 1.30 


SaccanI (F.). Gli dei placati e la duplicazione del cubo. Reggio 
nell’Emilia, 1900. S8vo. 88 pp., 1 plate. 


Satta (A.). Trigonometria piana e coordinate piane ortogonali, ad 
uso della sezione agrimensura negli istituti tecnici. Reggio-Emilia, 
1900. 8vo. 72 pp. Fr. 1.50 

ScHMip (K.). 100 ansfiihrlich geléste geometrische Aufgaben von 
bayerischen Lehrer-Anstellungspriifungen. 2te Auflage. Miinchen, 
Kellerer, 1901. 8vo. 7-+-110 pp. M. 1.20 


ScHOBER. See ROSSMANITH. 


Scuuttz (E.). Vierstellige mathematische Tabellen. Ausgabe fiir 
Maschinenb Essen, Baedeker, 1901. 8vo. 6+108 pp. 
Cloth. M. 1.40 


Simon (M.). Euclid und die sechs planimetrischen Biicher. Mit 
Benutzung der Textausgabe von Heiberg. Leipzig, Teubner, 1901. 
8vo. 8+141 pp. (Abhandlungen zur Geschichte der mathemati- 
schen Wissenschaften mit Einschluss ihrer Anwendungen ; —— 
von M. Cantor. (XI. Heft.) M. 5 00 


SLICHTER (C. S.). Four-place logarithmic tables for rapid compu- 
tation. New York, Macmillan, 1901. Size 7<11}inches. Boards. 
$0.40 


SPOONER (H. J.). Elements of geometrical drawing ; text-book on prac- 
tical plane geometry, including an introduction to solid geometry. 
Written to include requirements of syllabus of the Board of Edu- 
cation in geometrical drawing and for use of students preparing for 
military entrance examinations. London, Longmans, 1901. 12mo. 
338 pp. Cloth. 3s. 6d. 


VinE (G. T.). Theory notes on algebra and mensuration. London, 
Simpkin, 1901. 8vo. 270 pp. 2s. 6d. 


WELLS (W.). Plane trigonometry. Boston, Heath, 1900. 16mo. 100 
pp. Half-leather. $0.75 


Ill. APPLIED MATHEMATICS. 


BALL (R.S.). Elements of astronomy. London and New York, Mac- 
millan, 1900. 16mo. 8+ 183 pp. Cloth. $0.80 


CANIN (O.). See DoMKE (F.). 


DoMKE (F.). Nautische, astronomische und logarithmische Tafeln nebst 
Erklarung und Gebrauchsanweisung fiir die kénigl. preussischen 
Navigations-Schulen. 10te Auflage. Neu bearbeitet von O. Canin. 
Berlin, Decker, 1900. 8vo. 23+ 360 pp. M. 9.50 


EmcuH (A.). An application of elliptic functions to Peaucellier’s link- 
work ( inversor ). ( Annals of Mathematics, 2nd series, Vol.2.) 4to. 
4 pp. 

KESSLER (J.). Grundziige der Mechanik. Kurzgefasstes Lehrbuch in 
elementarer Darstellung. TeilI: Statik fester Korper. Hildburg- 
hausen, Pezoldt, 1901. 8vo. 8+ 136 pp. (Technische Lehrhefte, 
Abteilung B : Maschinenbau, Heft 10.) M. 3.50 
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MATRICULATION mechanics, model answers. London University papers 
from June, 1890, to June, 1898. London, Clive, 1901. 12mo. 120 pp. 
( University Tutorial Series. ) 28. 
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